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ABSTRACT: We propose a natural generalisation of the BLG multiple M2-brane action
to membranes in curved plane wave backgrounds, and verify in two different ways that
the action correctly captures the non-trivial space-time geometry. We show that the M2
to D2 reduction of the theory along a non-trivial direction in field space is equivalent to
the D2-brane world-volume Yang-Mills theory with a non-trivial (null-time dependent)
dilaton in the corresponding ITA background geometry. As another consistency check of
this proposal we show that the properties of metric 3-algebras ensure the equivalence of the
Rosen coordinate version of this action (time-dependent metric on the space of 3-algebra
valued scalar fields, no mass terms) and its Brinkmann counterpart (constant couplings but
time-dependent mass terms). We also establish an analogous result for deformed Yang-
Mills theories in any dimension which, in particular, demonstrates the equivalence of the
Rosen and Brinkmann forms of the plane wave matrix string action.
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1. Introduction

The recent Bagger-Lambert-Gustavsson (BLG) proposal for a world-volume theory of mul-
tiple membranes [}, ff], following earlier work [J], in terms of a 3-algebra gauge theory has
already received considerable attention. Various properties of the BLG theory have been
analysed e.g. in ][], and a generalisation of the BLG theory to Lorentzian 3-algebras
associated to ordinary Lie algebras has been proposed in [[f]. The role of the 3-algebra
structure for 1-loop corrections to the BLG theory has been discussed in [f.

At the moment it is not completely clear [f, [[] if the Lorentzian 3-algebras really
give a theory of multiple uncompactified membranes in 11 dimensions or if they just pro-
vide an exotic rewriting of the D2-brane world-volume theory [, [[J], and an alternative
generalisation of the BLG theory has been proposed in [[L3].

Nevertheless, deformations of the (generalised) BLG theories [fl, B, [f] may provide a
Lagrangian description of multiple M2-branes in non-trivial backgrounds and may also,
in any case, be of interest in their own right. Given the scarcity and rigidity of finite-
dimensional Euclidean [[4] and Lorentzian [[§] 3-algebras, one has to look elsewhere for
suitable modifications. Certain mass [[] and Janus-like [[] deformations have already
been considered, other variations of the BLG action are discussed in [[[§, and a unified
description of various deformations of the BLG theory has been given in [[[9].

In this same spirit, but along somewhat different lines, we propose that the 3-algebra
action with scalar sector

1
Src_pralX'] = /d"aTr (—ggm(t)(DaXI,DO‘XJ) (1.1)
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describes (for n = 3) multiple membranes extended along the (z*,z%)-directions in the
general Rosen coordinate (RC) plane wave background

8
ds? = 2dzdx™ + (dz)% + Z gry(z)dzda” (1.2)
1,J=1

in the same way that the BLG action (to which it reduces for gr;(t) = d1;) describes
membranes in flat space (or some suitable M-orbifold thereof [f]).!

In the absence of any straightforwardly applicable symmetry considerations (the above
Lagrangian will in general have no global symmetries, and the total action, with fermions, is
not expected to have any linearly realised supersymmetries, since plane wave backgrounds
are generically 1/2 BPS), we will perform two other consistency checks on this proposal
which show that the action ([L.1]) correctly captures the plane wave space-time geometry.

First (section 3) we consider the analogue of the M2 to D2 [ reduction procedure for
the Lorentzian 3-algebras [[i] (perhaps more appropriately referred to as D2 to D2 [L1])
in the presence of a non-trivial metric component gsg(x™) along the direction X® in field
space that is being vev’ed. We show that the resulting 2+1 dimensional Yang-Mills theory
has an effective time-dependent Yang-Mills coupling constant

gyar(t) = gss()gy s (1.3)

and that this is identical to the coupling constant one finds from the world-volume theory
of multiple D2-branes in the presence of a non-trivial dilaton (with 28 considered as the
compactified M-theory direction).

Another consistency check is provided by the observation (section 4) that the ac-
tion ([L.1)) is related to the apparently completely different 3-algebra action

Spo_pralZ?] = / d"o Tr (—%5AB(DQZA,D°‘ZB) + %AAB(t)(ZA, zZB)

—%&5@5%5@([2&23,20],[ZD,ZE,ZF])> (1.4)
(no time-dependent couplings on the scalar field space but arbitrary time-dependent mass
terms instead, encoded in the matrix A4p(t)) by a simple linear transformation of the
fields,

Sro-pre| X! = EL 24 = Spe—pralZ?] . (1.5)
The validity of ([LH) provides strong evidence that ([.) and ([.4) encode the plane wave
geometry ([[.9), since it should be regarded as the 3-algebra field-theory counterpart of
the statement that a plane wave can also be written in the more common Brinkmann
coordinates (BC) z* with, in particular, 2/ = E%,z4 (L) as (suppressing the trivial z°-
direction)

2dztde™ + gry(z)dalde’ = 2dzdz™ + Aap(2T) 2428 (d2h)? + dapdzAdzB . (1.6)

1See [E] for a complementary discussion of non-trivial backgrounds from the M5-brane Nambu-Goto
action point of view.



Note that in these coordinates, the membrane is stretched along the metrically non-trivial
(2%, 27)-directions. Thus the dependence of the induced world-volume metric on the trans-
verse coordinates via the quadratic A4 pz32B-terms manifests itself through mass terms in
the action ([L.4), as in the case of strings in the lightcone gauge. This also provides us with
a geometric interpretation of an arbitrary mass deformation of the BLG theory in terms
of plane waves (in the absence of fluxes, we should also require the 11d vacuum Einstein
equations to be satisfied, namely that A4p be traceless).

Note also that the BC form of the action ([[.4) explains why we focus on plane wave
space-times here (since in principle we could have e.g. allowed the couplings g7 in ([.1)) to
depend on all the world-volume coordinates). First of all, the analogy with the quantisation
of strings in the lightcone gauge suggests that the BLG action is itself a lightcone gauge
fixed action. Such a gauge fixing is typically still possible e.g. for more general pp-wave
backgrounds in which the wave profile Aap(z™, zA) is not quadratic, but in that case we
would have to address the issue of how to define Tr(ZlA,...,Z,f) for k # 2, while the
quadratic mass term in ([[.4) is unambiguous. For the same reason we would also not want
to consider a dependence of g7 in ([LZ) or ([.1]) on the transverse coordinates ! or scalars
X7

The 3-algebra gauge invariance of the actions, in particular the existence of the in-
variant scalar product Tr( . ), turns out to play a crucial role in the proof of (.§). Along
the way, we will also establish an analogous result for Yang-Mills theories, which implies
in particular the equivalence of the Rosen and Brinkmann versions of the matrix string
action for plane waves [R1].2

2. Plane wave Yang-Mills and 3-algebra actions

The scalar sector of a prototypical non-Abelian Yang-Mills + scalar action in n space-time
dimensions (with the flat world-volume metric 7,3) has the form

1 1
Syn = / d"o Tr <_§5IJDQX1DC"X=’—Zg%MazKajL[XI,XJ][XK,Xﬂ) SN CAY

To bring out the analogies with, and differences to, the 3-algebra actions, we recall here
that the X! = XIT? are adjoint (Lie algebra valued) scalar fields, [T, T = f®.T¢, Tr is
an invariant scalar product (under the ad-action [T, ], which acts as a derivation of the
Lie bracket - the Jacobi identity) on the Lie algebra,

T[T, T°)T¢ + Tr T°[T, T = 0 , (2.2)

and the covariant derivative is DaXCIL = 0, X [{ — f A X CI .

2In the spirit of the CSV matrix big bang model [@], these provide a non-perturbative description of
string theory in a plane wave background - see [@] for details and further references, since matrix string
theory is not our main concern in this short note.



Likewise the scalar sector of a prototypical 3-algebra action, namely the BLG action [,
Bl (now blindly generalised to n dimensions), is

1
Sprc = /d”aTr < - 551J(DQXI,D‘1XJ) (2.3)

1

_2—3|5IL5JM5KN([X17XJ7XK]7 [XL,XM,XN]))

Here the X! = XT® are 3-algebra valued scalar fields,
[Ta’ Tb, TC] — fabchd , (24)

Tr( , ) is an invariant scalar product (under the action of [T%,T? ], which acts as a
derivation of the 3-bracket - the ‘fundamental identity’) on the 3-algebra,

Te ([T, 7°, T, T%) + Te(T¢, [T, T°, T) = 0, (2.5)

and the covariant derivative is Do X! = 9, X! — £, Ay pe X CIl .

These two basic classes of actions can be deformed in various ways, e.g. by modifying
the couplings of the scalar fields, and we will consider two such modifications. The first
class of actions arises from (R.1)) or (R.J) by replacing the flat metric 677 on the scalar
field space by a time-dependent matrix gy s(t) of “coupling constants”. Thus the deformed
action is (suppressing the coupling constant g%M)

1 1
Sre—vym = /dnU Tr <—591J(t)DaXID°‘XJ - ZQIK(t)gJL(t)[XIaXJHXK7XL]> (2.6)

in the Yang-Mills case, and ([.1) in the BLG case. The second modification consists of
simply adding (possibly time-dependent) mass terms for the scalars. Thus, denoting the
(same number of) scalars in this model by Z4, the actions we will consider are

1
Sho_ym = / d"o Tr ( — §6ABDQZAD°‘ZB (2.7)
1 1
—ZaAcéBD (z4,Z2B[z¢, ZP] + 5AAB(t)ZAZB>

and its 3-algebra counterpart ([.4), with A4p(¢) minus the mass-squared matrix.

The labels RC and BC refer to the Rosen and Brinkmann coordinates of plane wave
metrics, as will become clear in section 4, and for this reason we will also refer to the above
actions and their 3-algebra counterparts as plane wave actions.

3. M2 (or D2) to D2 with a non-trivial dilaton

We consider the case where the metric ([.9) is of the form

7
ds® = 2dzTdz™ + (dz¥)? + Z gij(xT)da'da? + ggs(x7)(dx®)? | (3.1)
ij=1



and for the purposes of this section we may as well take g;; = d;5, since we just want to
keep track of the effect of a non-trivial gsg in the M2 to D2 reduction [d, g, [L1].

We will also specifically consider the case of a Lorentzian 3-algebra [fi], with generators
{T*} ={T*,T~,T™} and non-trivial structure constants f*7"? = 2f™"P f . = fonp-
Expanding the 3-algebra valued fields in the above basis, X! = XIT one finds that, as
in [, the field X! = X appears in the action ([[.I]) only via the term

Lys = —%gl JB0X X 4 (3.2)

leading to the equations of motion Ju(grs(t)0*X~7) = 0. A particular solution of this
equation is X8 = const # 0 and X% = 0. Note, however, that there are other, non-
constant, solutions to this equation, even when gr;(t) = 677, employed e.g. in [[7q], and
that even for a constant solution here we cannot appeal to SO(8)-invariance to rotate such
a solution into the X8-direction. We are thus making the specific choice of singling out
this direction (corresponding to a specific M—IIA reduction), and identify the vev of X8
with the Yang-Mills coupling constant, (X ~8) = gyu.

It is now easy to see, by following the procedure in [[f], that the gauge invariant scalar
kinetic term for X5 and the BF-term of the action,

1
Lp= —gggg(t)DaX,f;Dan +2e*BIFG + ...

Do XL, = 0, X!, = 2Bom X1 4 frump AX?! .
combine to give rise to a Yang-Mills action
Lym = —%F%Fmaﬁ + ... (3.4)
493 (t)
with the time-dependent coupling constant
gm(t) = gss(t)gim - (3.5)

This same combination also arises from the sextic potential as the coefficient of the quartic
potential term for the remaining 7 scalar fields X* = X! 7™, and thus we can indeed
identify it as the time-dependent coupling constant of the resulting Yang-Mills theory.

How does this compare with the expectation that, somehow [f], this procedure of giving
a vev to a scalar should correspond [f] to compactifying M-theory on a circle down to ITA?
Since the standard relation

ds® = e_2¢/3ds§t + e4¢/3(alac8)2 (3.6)

between the M-theory and ITA string frame backgrounds implies that ggg = exp 4¢/3, while
the YM coupling constant of the D2-brane theory is usually set by g%,M = gs/ls, on the
face of it this looks incompatible with (B.5). However, we have to remember that in the
string frame metric

ds?, e2¢/3(2dx+da:_ + (d2”)? + gij(x)dx'da?) (3.7)

st —



the induced metric hog on the D2-brane world-volume is non-trivial. Thus the D2-brane
Yang-Mills action has the form

1
gsl3

- o m m 65 - o m o pm
/d3ae Oy =deth KV hP et By Em = ;/di”ae 10/350058 EmET | (3.8)
from which we read off the coupling constant
() = (gs/6,)e 4010)/3 (3.9)

(in the lightcone gauge 2+ = t). This agrees precisely with the result (B.H) obtained from
‘Higgsing’ the Lorentizan BLG action.

4. Rosen vs Brinkmann form of plane wave actions

The purpose of this section is to establish that the two, apparently rather different, classes
of Yang-Mills and 3-algebra actions introduced in section 2 are simply related by a linear,
but time-dependent, field redefinition X7 = E,(t)Z4 of the scalar fields,

Sre—ympralX’ = B Z4) = Spe_yaypralZ2?] - (4.1)

As mentioned in the Introduction and explained in [T, for the YM theories this claim
originates from the equivalence of the matrix string theory description of plane wave back-
grounds in Rosen and Brinkmann coordinates (.4), and ([.1]) is the generalisation of this
assertion to arbitary dimension 7, any number of scalar fields, and to 3-algebra actions.

We could straightaway prove (f.1) by a brute-force calculation, but this would be
rather unenlightening. Instead, we will first consider a much simpler classical mechanics
toy model of this equivalence. We will then readily be able to establish the result for the
plane wave Yang-Mills actions (2.§), (.7). From this argument we then also learn how to
use 3-algebra identities to prove ({.])) in that case.

4.1 A classical mechanics toy model

Consider the Lagrangian L. corresponding to the lightcone Hamiltonian of a particle in a
plane wave in Brinkmann coordinates (in the lightcone gauge 2zt = t),

1 A
Lie(2) = 5(5AB/‘ZB + Aap(t)z42P) | (4.2)

and the corresponding Lagrangian in Rosen coordinates,

Lue(w) = 501,03 (4.3)

The claim is that these two Lagrangians are equal up to a total time-derivative. To see this,
recall that the coordinate transformation between the Rosen and Brinkmann forms ([[.§)
of a plane wave metric has the form

1.
(zt,27,20) = (2,27 + iEAIEIBzAzB, EL 24 (4.4)



where B!, = E%,(z1) is a vielbein for gr;(z1) satisfying the symmetry condition
EaE's = EpEYy (4.5)

and the relation between gr;(z") and Aap(z1) can be compactly written as 23
Aap(zT) = Ear(zHER(2Y) . (4.6)

The symmetry condition ([l.§), which can be geometrically interpreted as the statement
that the frame EIA is parallel transported along d,+ [B4], will play a crucial role on several
occasions in the following.

Substituting ! = EIAZA in L., one can now verify that one indeed obtains L. up to
a total time-derivative. The way to see this without any calculation is to start with the
complete geodesic Lagrangian in Brinkmann or Rosen coordinates,

1 1
L= gg/g’;c):t“j;” = Eggf),é“z’” (4.7)

in the lightcone gauge z™ = 2™ = ¢, leading to
Ly (2) + 27 = Lye(x) + 37 . (4.8)

This makes it manifest that the two Lagrangians L.(z) and L,.(x) differ only by a total
time-derivative, namely the derivative of the shift of = in the coordinate transforma-

tion ([L.4).
A concrete illustration of this is provided by the standard harmonic oscillator La-
grangian
1
Lie(2) = 5(22 —w?2?) (4.9)
whose equivalence with the somewhat more exotic Lagrangian

Lyo(z) = %snﬁ wt i* (4.10)
with a time-dependent kinetic term can be traced back to the two equivalent representations
2dztdz™ + sin® wa (dx)? = 2dzTdzT — w22 (dzT)? + (dz)? (4.11)

of the corresponding plane wave geometry.

4.2 Rosen to Brinkmann for Yang-Mills actions

We can now come back to the two types of Yang-Mills actions (R.) and (P.7), which are
obviously in some sense non-Abelian counterparts of the classical mechanics Brinkmann
and Rosen coordinate actions Sy, = f Ly and S, = f L. discuussed above. We are thus
led to consider the linear transformation

X (o) = EL ()24 (0®) (4.12)

of the scalar fields, where E,(t) is a vielbein for the metric (couplings) gr(t) on the scalar
field space satisfying ([LH).



Even though in general non-Abelian coordinate transformations are a tricky issue,
this particular transformation is easy to deal with since it is linear as well as diagonal in
the Lie algebra. Consider e.g. the quartic potential terms in (P.§) and (R.7). With the
substitution ({4.12), one obviously has

grregn X1, X7 X5, X = g1 g ELELESEL 24, 2529, 2P

4.13
= dacdpplZt, ZP)[2Y, ZP] | (413)

so that the two quartic terms are indeed directly related by (f.I3). Now consider the gauge
covariant kinetic term for the scalars in (B:). Since E!, = E’,(t) depends only on t, the
spatial covariant derivatives transform as

a#t: Do X' =FEL(t)DZ" | (4.14)

so that the spatial derivative parts of the scalar kinetic terms are mapped into each other.
It thus remains to discuss the term Tr gy J(t)DtXI D, X’ involving the covariant time-
derivatives. The term with two gauge fields A is purely algebraic and is thus mapped
directly to its BC counterpart in the term Tr SapD:ZAD;ZB. For the term quadratic
in the ordinary t-derivatives, the argument is identical to that in section 2.2, and thus,

using ({£5) and ([.§), one finds

1 o 1 C d
5 T gy X X7 = 5 Tr(0ap 2278 + App(t) 24 Z5) + gD (4.15)
The only remaining subtlety are terms involving the t-derivative EIA of EIA, arising from

cross-terms like
Trgrs(t)[As, XT)0, X7 = Trgr5(t)EL4[As, Z4)0:(E73 Z2P) (4.16)
However, these terms do not contribute at all since
910 () EYEL Tr[Ay, 2425 = g1, (O EY B T A 24, ZP) = 0 (4.17)

by the ad-invariance of the trace (R.J) and the symmetry condition ([L.F). This estab-
lishes ([1)).

It is pleasing to see that this symmetry condition, which already ensured several can-
cellations in the standard tranformation from Rosen to Brinkmann cooordinates (and thus
also in establishing e.g. ({.15)), is also responsible for the elimination of some terms of gen-
uinely non-Abelian origin (something the symmetry condition was not originally designed
for).

The above equivalence is also valid for models with a time-dependent dilaton/coupling
constant, as in [RI]], since the total time-derivative arises only from the (dilaton-
independent) scalar kinetic term. In [1]], we illustrate the advantages of the BC represen-
tation (the scalar kinetic term has the canonical form and the mass term encodes invariant
geometric information about the plane wave since Aap(z1) is its curvature tensor) vis-a-vis
its RC counterpart in the matrix string context.



This equivalence also extends in a rather obvious way to the appropriate fermionic
terms of the action. In these models the couplings between the fermions ¥ and the scalar
fields X! universally have the form

Sy ~ / d"o T Ol [ X1, 0] . (4.18)

Thus the only effect of the transformation ({.13) is to convert the RC gamma-matrices I';
to their BC (frame component) counterparts I'y = EAFI,

O x! =124, (4.19)

with
{F[,FK} = 29[}( = {FA,FB} = 25AB . (4.20)

4.3 Rosen to Brinkmann for 3-algebra actions

We now consider the effect of the transformation X = E!,(t)Z 4 of the 3-algebra valued
fields on the RC action ([L.1]). It is straightforward to see that, exactly as in ({.13), the
sextic potential term is mapped to that of the BC action ([[.4), and that the YM-theory
identities (f.14) and (4.15) remain valid in the 3-algebra context, so that in particular the

mass terms of ([[.4) are generated in this way. It thus only remains to discuss, similarly
to ([.16), the cross-terms between a t-derivative and the 3-algebra connection. These have
the form

Te(T% T¢) (8, X1) 9 A ae Xi g1 (t) = Te(T, [T, T, T%)) (0, X1 Arae X g15(t) , (4.21)

where we used the 3-algebra relation (2.4) in the form fdebcTC = [T9,T¢,T"]. Inserting the
field transformation, we now find that there is just one troublesome term, namely the one
involving the t-derivative of the transformation matrix EIA(t) itself. However, here again
the symmetry condition (.§) and the invariance of the trace (B.§) come to the rescue to
show that this term is identically zero,

Te(T%, [T, 7, T%) EL Z2 Ay 4o E% ZP g15(t) =0, (4.22)

since Tr(T%, [T?,T¢, T?) is anti-symmetric in the indices a, b while the second part of the
above expression is symmetric.

As in the YM case, the fermionic terms are also mapped to each other, since the
coupling between the fermions ¥ (11d Majorana spinors subject to the constraint I'g1oW =
— ) and the scalar fields is purely algebraic [fl, f, fi], so that

Te(P, Ty X, X7, 0]) = Te(U, T ap[24, 25, 0]) . (4.23)

The results of this and the previous section provide us with reasonable (albeit still
rather circumstantial) evidence that the deformed BLG actions ([.1), (.4) that we have
proposed indeed describe multiple M2-branes in a curved plane wave background, but much
remains to be understood regarding the BLG actions, their extension to curved space-times,
and their relation to multiple M2-branes in general.
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